Abstract. Recently in [17, 18] , we extended the concept of intrinsic ultracontractivity to nonsymmetric semigroups and proved that for a large class of non-symmetric di¤usions Z with measure-valued drift and potential, the semigroup of Z D (the process obtained by killing Z upon exiting D) in a bounded domain is intrinsic ultracontractive under very mild assumptions.
Introduction
Suppose that H is a semi-bounded self-adjoint operator on L 2 ðDÞ with D being an open set in R d and that fe Ht g is an irreducible positivity-preserving semigroup with integral kernel aðt; x; yÞ. We assume that the top of the spectrum l 1 of H is an eigenvalue. In this case, l 1 has multiplicity one and the corresponding eigenfunction f 1 , normalized by kf 1 k L 2 ðDÞ ¼ 1, is positive almost everywhere on D. fe Ht g is said to be intrinsic ultracontractive if for every t > 0, there exists c t A ð0; yÞ such that aðt; x; yÞ a c t f 1 ðxÞf 1 ðyÞ.
The notion of the intrinsic ultracontractivity above was introduced in [11] . It is a very important concept in both analysis and probability, and has been studied exten-sively. When H is the Dirichlet Laplacian in a domain D (equivalently, the corresponding process is a killed Brownian motion), the semigroup fe Ht g is intrinsic ultracontractive for a large class of non-smooth domains (see, for instance [1, 3] ). For symmetric a-stable processes with a A ð0; 2Þ, the intrinsic ultracontractivity has been discussed in [6, 7, 20] . After obtaining the main results of this paper, we found out from [13] that the intrinsic ultracontractivity for some large classes of symmetric Lévy processes was studied in [12] .
Very recently in [17] , we extended the concept of intrinsic ultracontractivity to nonsymmetric semigroups and, by using an analytic method, we proved there that the semigroup of a killed di¤usion process in a bounded Lipschitz domain is intrinsic ultracontractive if the coe‰cients of the generator of the di¤usion process are smooth. In [18] , by using a probabilistic method we proved that for a non-symmetric di¤usion with measure-valued drift and potential belonging to appropriate Kato classes, the semigroup of the killed process in a bounded domain is intrinsic ultracontractive when the bounded domain is one of the following types: twisted Hö lder domains of order a A ð1=3; 1, uniformly Hö lder domains of order a A ð0; 2Þ and domains which can be locally represented as the region above the graph of a function (see [18] for details).
In this paper, we continue our discussion of intrinsic ultracontractivity for nonsymmetric semigroups. We study the intrinsic ultracontractivity for non-symmetric discontinuous Lévy processes under one of the following two non-overlapping assumptions on the Lévy measure: the first case is that the Lebesgue measure is absolutely continuous with respect to the Lévy measure and the Radon-Nikodym derivative is locally integrable away from 0 and the second case is that the Lévy measure is compactly supported. In the first case, we show that for any bounded open set, the semigroup of the killed process is intrinsic ultracontractive if the transition density of the killed process is strictly positive, bounded and continuous. In particular, the semigroup of the killed strictly a-stable process in any bounded open set is intrinsic ultracontractive. In the second case we put some mild assumptions on both the open set and the Lévy measure: We assume that the open set is bounded k-fat (a disconnected analogue of John domain, for the definition see Definition 3.1) and that the RadonNikodym derivative of the absolutely continuous part of Lévy measure is bounded below by a positive constant near the origin. We show that in this case, the intrinsic ultracontractivity is true if the transition density of the killed process is strictly positive, bounded and continuous. We do not assume that our non-symmetric Lévy process is a purely discontinuous process. It may contain di¤usion and drift parts.
The content of this paper is organized as follows. In Section 2, we recall some preliminary facts about non-symmetric Lévy processes. Section 3 contains the proof of the intrinsic ultracontractivity. We also show in Section 3 that the intrinsic ultracontractivity implies the parabolic boundary Harnack principle and that the supremum of the expected conditional lifetimes is finite. In the last section we collect some concrete examples of non-symmetric Lévy processes satisfying the assumptions of this paper.
In this paper we use the convention f ðqÞ ¼ 0. In this paper we will also use the following convention: the values of the constants c 1 ; c 2 ; . . . might change from one appearance to another. The labeling of the constants c 1 ; c 2 ; . . . starts anew in the statement of each result.
In this paper, we use '':¼'' to denote a definition, which is read as ''is defined to be''.
Non-symmetric Lévy processes
Let X ¼ ðX t ; P x Þ be a Lévy process in R d with the generating triplet ðA; n; gÞ. i.e., for every z A R d ,
where A is a symmetric nonnegative definite
, and n is a measure on R d satisfying nðf0gÞ ¼ 0 and
g is called the drift of X and n is called the Lévy measure of X .
ÀX is also a Lévy process and it is the dual of X . For this reason we sometimes usê X X to denote this process. From the above definition, it is clear thatX X is a Lévy process in R d with the generating triplet ðA; nðÀdxÞ; ÀgÞ. Let
Then for any non-negative Borel functions f and g, ð
Throughout this paper, we assume the following.
(A1) The Lévy measure n satisfies either (a) or (b) below:
(a) The Lebesgue measure in R d is absolutely continuous with respect to n. i.e., there exists a non-negative Borel function LðxÞ such that for any Borel set B, U is called a killed process in U. We uset t U to denote the first exit time of U for X X . i.e.,t t U :¼ infft > 0 :X X t B Ug. We similarly defineX X U . For any t > 0, define
The next equality is known as Hunt's switching identity (for example, see Theorem II.5 in [4] ). The next assumption is needed to define intrinsic ultracontractivity for non-symmetric semigroups (see [17] Remark 2.1. We do not know any necessary and su‰cient conditions for (A2)-(A3) in terms of the Lévy measure. In fact, no necessary and su‰cient condition in terms of the Lévy measure for the existence of transition density for Lévy process is known (see [22] for some su‰cient conditions).
In the remainder of this section, we discuss some elementary consequences of (A2)- Note that in general we do not know whether p U ðt; x; yÞ andp p U ðt; y; xÞ are continuous and strictly positive.
From Lemma 48.3 in [22] , it is easy to see that for any bounded open subset U, there exists t 1 > 0 such that sup x A R d P x ðX t 1 A UÞ < 1. Thus
By the Markov property and an induction argument,
(see [8] for the details).
For any bounded open subset U H D, we will use G U ðx; yÞ to denote the Green function of X U , i.e., 3 Intrinsic ultracontractivity for non-symmetric Lévy processes
In this section, we first recall the definition of the intrinsic ultracontractivity for nonsymmetric semigroups from [17] and then prove that the intrinsic ultracontractivity is true if the killed non-symmetric Lévy process X D satisfies (A1)-(A3) in the previous section and (A4)-(A5) below. We will use some ideas from [20] .
Many results in this section are stated for both X D and its dualX X D . Since the proofs for the two processes are similar, we only present the proofs for X D . The following definition is taken from [24] . Note that every Lipschitz domain and every non-tangentially accessible domain (see [15] for the definition of non-tangentially accessible domains) are k-fat. Moreover, every John domain is k-fat (see Lemma 6.3 in [21] ). The boundary of a k-fat open set can be highly nonrectifiable and, in general, no regularity of its boundary can be inferred. Bounded k-fat open sets may be disconnected.
Depending on whether (A1)(a) or (A1)(b) is valid, our assumptions on the open set D are di¤erent. In both cases, we will need to define some subsets B 0 , C 1 and B 2 of D.
The following assumptions on D will always be in force in the reminder of this section. The distinction between (A4)(a) and (A4)(b) will be made only in the proof of Lemma 3.2 below.
Define 
Thus E x ½h DnC 1 ¼ 0 and the assertions of the lemma are trivial in this case. Now we assume x A DnC 1 .
(1) First we deal with the case that n satisfies (A1)(a). If w A B 0 and y A DnC 1 , then jw À yj b jy À x 0 j À jw À x 0 j > r 0 =2 and jw À yj < 2 diamðDÞ. So the set
is a relatively compact subset of R d nf0g. By (A1), for every y A DnC 1 we have
We know from our assumption (A1)(a) that
IU for non-symmetric Lévy processes Therefore from (2.6), we have
(2) Now we deal with the case that n satisfies (A1)(b). For each y A DnC 1 , choose a point Q y A qD such that rðyÞ ¼ jy À Qj < kR=4. Since D is k-fat, there exists a point A y A D such that BðA y ; kRÞ H D X BðQ y ; RÞ. It is easy to see that Now by (2.6), we get
Let y be the usual shift operator for Markov processes, and we define stopping times S n and T n recursively by
Similarly we defineT T n andŜ S n forX X .
Lemma 3.3. If (A1)-(A4) are true, then there exists a constant c > 0 such that for every
Proof. Since T n ¼ S n þ h DnC 1 y S n , by the strong Markov property,
Applying Lemma 3.2 to the equation above, we get
we define a subprocess Z of X D by letting Z t ðoÞ ¼ X t ðoÞ if t < SðoÞ and Z t ðoÞ ¼ q if t b SðoÞ. By Corollary III.3.16 in [5] , Z is a Hunt process. Thus by the quasi-left continuity,
r By the separation property for Feller processes, there exists t 0 such that
for any t a t 0 (see Exercise 2 on page 73 of [9] ). Proof. Note that by Lemma 3.4,
By the strong Markov property and (3.2),
which is larger than c 1 E x ½T n À S n for some constant c 1 > 0 by Lemma 3.3. Therefore by Lemma 3.4 and Fubini's theorem, for x A D,
The above lemma will also be used in the next section to prove the strict positivity of the density of killed processes for some particular non-symmetric Lévy processes.
The next proposition is elementary and should be well-known. But we could not find any reference for this. We include a proof here for completeness. Proof. The contraction property follows easily from the duality and Hö lder's inequality. So we only prove the strong continuity.
Recall that for any open subset U of R d and any x A U, we have
Applying (3.3) to both P x ðt Bðx; dÞ a tÞ and P x ðt D a tÞ, we get that P 
Our last assumption below will be used to define the intrinsic ultracontractivity for non-symmetric semigroups (see [17] ). Remark 3.7. Even if the Lévy process has a smooth and strictly positive transition density, it is non-trivial to show (A5) (see [2, 10] for the case of killed Brownian mo-tions in a domain, [6] for the case of killed symmetric stable processes in a domain and [25] for the case of killed non-symmetric stable processes in a domain). If the Lévy measure n satisfies (A1)(b), the distance between connected components of D shouldn't be too far away, otherwise p D ðt; x; yÞ will be zero there. In Section 4, we will show that for a large class of non-symmetric Lévy processes, (A5) is true.
In the remainder of this section we always assume that (A1)-(A5) are in force. For results on intrinsic ultracontractivity for general non-symmetric semigroups, we refer our readers to Section 2 of [17] .
We use
We will show that the semigroup of any killed non-symmetric Lévy process X D satisfying (A1)-(A5) is intrinsic ultracontractive. We recall the following simple lemma from [18] . Lemma 3.14 (Lemma 5.5 in [18] The parabolic boundary Harnack principle is an easy corollary of Theorem 3.11. Proof. By Theorem 3.11, both inequalities in (3.10) are true for s ¼ t ¼ u. Now we apply Lemma 3.14 (1)- (2) Thus both inequalities in (3.10) are true for s > t ¼ u. Moreover, combining (3.11)-(3.12), both inequalities in (3.10) are true for t ¼ s > u too. Now applying Lemma 3.14 (1)- (2) again, we get our conclusion. r A Borel function h defined on D is said to be superharmonic with respect to X D if
for every bounded open set B with B H D. We use SH þ to denote families of nonnegative superharmonic functions of X D . For any h A SH þ , we use P h x to denote the law of the h-conditioned process X D and use E h x to denote the expectation with respect to P h x . i.e., Let z h be the lifetime of the h-conditioned process X D . The bound for the lifetime of the conditioned X D can be proved using Theorem 3.13. It is proved in [17] for second order elliptic operators with smooth coe‰cients. Since the proof is similar, we omit the proof here. (1)
(2) For any h A SH þ , we have In particular,
Examples
In this section we collect some examples of Lévy processes X and open sets D so that X D satisfies the assumptions (A1)-(A5).
Example 4.1. We first recall the definition of non-symmetric strictly a-stable processes. Let a A ð0; 2Þ and d b 2. The process X is said to be strictly a-stable if ðX at ; P 0 Þ tb0 is equal to ða 1=a X t ; P 0 Þ tb0 in distribution. Since a A ð0; 2Þ, A ¼ 0 and there is a finite measure h on the unit sphere S ¼ fx A R d : jxj ¼ 1g: such that
The measure h is called the spherical part of the Lévy measure n. A strictly a-stable process X can be described using its characteristic function as follows:
(i) for a A ð0; 1Þ, a Lévy process X in R d is strictly a-stable if and only if
(ii) for a ¼ 1, a Lévy process X in R d is strictly a-stable if and only if
:
Suppose that X ¼ ðX t ; P x Þ is a strictly a-stable process with the spherical part h of its Lévy measure satisfying the following assumption: there exist j : S ! ð0; yÞ and k > 0 such that j ¼ dh ds and k a jðzÞ a k À1 ; Ez A S; ð4:1Þ where s is the surface measure on S. Thus the Lévy measure n has a density f ðxÞ ¼ jðx=jxjÞjxj ÀðdþaÞ with respect to the d-dimensional Lebesgue measure, and
Thus it is easy to see that (A1)(a) is true with LðxÞ ¼ jxj dþa jðx=jxjÞ À1 . The process X has a jointly continuous and strictly positive transition density function pðt; x; yÞ ¼ pðt; x À yÞ and there exists c > 0 such that pðt; x; yÞ a ct Àd=a ; Eðt; x; yÞ A ð0;
(see (2.6) in [25] ). Moreover, for any g > 0, there exists c > 0 such that pðt; x; yÞ a ct; jx À yj b g; t > 0 ð4:4Þ (see (2.5) in [25] ). Using the facts above, one can follow routine arguments (see, for instance, the proof of Theorem 2.4 in [10] 
(ii) when a ¼ 1,
We also assume that h satisfies (4.1). Then the Lévy density gðxÞ for Y is gðxÞ :¼ jðx=jxjÞjxj ÀðdþaÞ 1 fjxj<1g ð4:5Þ and (A1)(b) is satisfied. In the case when Y is rotationally invariant, it has been studied recently by the authors in [16] . (4.1) implies that the characteristic function of Y t is integrable. Thus the process Y has a bounded and continuous density qðt; x; yÞ (cf. [22] 
T is an exponential random variable with intensity l. Moreover, Y t ¼ X t for t < T and ft < t 
One can find a similar argument for symmetric Lévy processes in the proof of Lemma 2.5 in [13] . Proof. We prove the proposition in several steps.
IU for non-symmetric Lévy processes
Note that by (4.6), we know Z t makes jumps with sizes great than or equal to 1 only. Thus, since diamðDÞ < 1, ft=2 < t 
for 1 a k a m À 1. Let t m :¼ t=ð2m À 1Þ. Now by the semigroup property,
which is strictly positive in D Â D by (1)- (2) . r
The result above will be used in [19] to study the Martin boundary of truncated symmetric stable processes.
Example 4.5. Suppose that X is a strictly a-stable process in R d satisfying all the assumptions in Example 4.1, that B is a Brownian motion in R d and that X and B are independent. Then the process Z defined by Z t ¼ B t þ X t is also a Lévy process and it obviously satisfies (A1)(a). The transition density qðt; x; yÞ of Z is given by the convolution of the transition densities of B and X . Using this, the explicit formula for the transition density of B, and (4.3) and (4.4) for the transition density of X , we can easily show that there exists c > 0 such that qðt; x; yÞ a ct Àd=a ; Eðt; x; yÞ A ð0; If X ð jÞ , j ¼ 1; . . . ; n, are independent strictly a j -stable processes satisfying the assumptions of Example 4.1. Then the process X defined by X t ¼ X 
